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Normalization by evaluation (NbE) based on an untyped domain model is a convenient and powerful way to
normalize terms to their S normal forms. It enables a concise technical setup and simplicity for mechaniza-
tion. Nevertheless, to date, untyped NbE has only been studied for cumulative universe hierarchies, and its
correctness proof critically relies on the cumulativity of the system. Therefore we are faced with the question:
whether untyped NbE applies to a non-cumulative universe hierarchy? As such a universe hierarchy is also
widely used by proof assistants like Agda and Lean, this question is also of practical significance.

Our work answers this question positively. One important property derived from non-cumulativity is
uniqueness: every term has a unique type. In light of the uniqueness property, we work with a Martin-Lof
type theory with explicit universe levels ascribed in the syntactic judgments. On the semantic side, universe
levels are also explicitly managed, which leads to more complexity than the semantics with a cumulative
universe hierarchy. We prove that the NbE algorithm is sound and complete, and confirm that NbE does work
with non-cumulativity. Moreover, to capture common practice more faithfully, we also show that the explicit
annotations of universe levels, though technically useful, are logically redundant: NbE remains applicable
without these annotations. As such, we provide a mechanized foundation with NbE for non-cumulativity.

CCS Concepts: » Theory of computation — Type theory.
Additional Key Words and Phrases: type theory, dependent types, logical relations, normalization by evaluation

ACM Reference Format:

Shengyi Jiang, Jason Z. S. Hu, and Bruno C. d. S. Oliveira. 2025. Normalization by Evaluation for Non-
cumulativity. Proc. ACM Program. Lang. 9, ICFP, Article 239 (August 2025), 34 pages. https://doi.org/10.1145/
3747508

1 Introduction

Over the past decades, type theory has evolved into a mature field, providing a rigorous theoretical
foundation for many popular proof assistants (e.g., Rocq [The Coq Development Team 2024],
Agda [The Agda Team 2024], Lean [de Moura and Ullrich 2021; de Moura et al. 2015]). These proof
assistants not only formalize cutting-edge mathematics [The Mathlib Community 2020] but also
verify critical software [Leroy et al. 2016]. By the Curry-Howard correspondence, propositions are
identified with types and proofs with programs. Hence, checking proofs essentially reduces to type-
checking programs. Since dependent types allow types to embed arbitrarily complex computations, a
practical type-checker must be coupled with a reliable evaluation procedure that always terminates.
This property, known as normalization, guarantees that every well-typed program computes to a
normal form and, on the meta-theoretic side, is closely related to logical consistency.
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A key design aspect in formulating type theories is how one organizes the hierarchy of uni-
verses [Palmgren 1998]. For instance, proof assistants such as Rocq adopt a cumulative universe
hierarchy, whereby a type in a lower universe automatically inhabits any higher universe. Several
normalization proofs in cumulative settings exist and can leverage this property. Nevertheless,
proof assistants such as Agda and Lean, choose to implement non-cumulative universes. With
non-cumulative universes, each well-formed type is assigned a unique universe level instead.
An interesting property in many non-cumulativity settings is type uniqueness (up to syntactic
equivalence), which simplifies certain aspects of constraint solving [Pujet and Tabareau 2023]. Nev-
ertheless, (mechanized) normalization proofs for non-cumulative type theories are comparatively
scarce and present different challenges, as several techniques employed in cumulative settings
cannot be applied directly.

In this paper, we focus on a particular normalization proof style, normalization by evaluation
(NbBE) a la Abel [2013], which achieves fn-normalization and scales well to dependent type theories.
NbDE refers to a class of approaches to achieve normalization that generally consists of two steps. In
the first step, well-formed programs are evaluated to domain values in a chosen computational
domain. In the second step, normal forms are read from domain values in the computational
domain back to the syntax. Properties of the computational domain are taken advantage of. The
correctness of NbE is characterized by two critical theorems: the completeness theorem stating
that two syntactically equivalent terms must have equal normal forms, and the soundness theorem
stating that a well-formed term must be equivalent to its normal form computed by the algorithm.
Thus, NbE does not need to prove confluence explicitly, resulting in a more concise technical
setup and a shorter proof than a more traditional normalization proof based on a rewrite system
and Tait’s computability method [Tait 1967]. In addition, Abel [2013]’s NbE proof, based on an
untyped domain, has one extra merit: it is easily implementable and mechanizable. Recently, Hu
et al. [2023] presented a NbE proof in Agda of a modal dependent type theory in this style with
significantly fewer lines of code than other similar works [Abel et al. 2018; Adjedj et al. 2024;
Altenkirch and Kaposi 2016a, 2017; Pujet and Tabareau 2023, etc.]. Moreover, the NbE algorithm
induces a simple equivalence checking algorithm: we first normalize two terms of the same type,
and their equivalence is decided by the equality of their normal forms.

Existing proofs for untyped NbE, such as those by Abel [2013] and Hu et al. [2023], were developed
in cumulative settings. Their techniques heavily depend on cumulativity. Abel [2013]; Gratzer
et al. [2019]’s paper proofs include a key step of taking limits of universe levels to infinity due to
cumulativity, so that their subsequent proofs are oblivious to universe levels. Hu et al. [2023] use
existential quantifications to avoid limits and the exposition of universe levels in the semantics.
Nonetheless, the proof still critically relies on the semantic cumulativity lemma of universes and a
few lemmas to lift universes to a high enough level. Even though the NbE algorithm given by Abel
and Hu et al. seems to adapt to both kinds of universe hierarchies naturally, it is not immediately
clear how the dependencies of cumulativity in the proofs can be taken away.

In this paper, we develop a mechanized normalization proof for Martin-Lo6f Type Theory (MLTT)
equipped with a full non-cumulative universe hierarchy. One immediate consequence of non-
cumulativity is that all well-formed programs have unique types up to syntactic equivalence. Our
work adapts the untyped NbE style of Abel [2013] and Hu et al. [2023] to a setting where precise
universe levels must be tracked. Following Pujet and Tabareau [2023], we introduce explicit universe
level annotations in the syntax. These additional annotations are also mirrored in the semantic
domain, and allow us to design a PER model and logical relation that precisely track universe levels
for the completeness and soundness proof to proceed. To bring our system closer to the common
practice where no explicit universe levels are ascribed, we also show that these explicit annotations
are logically redundant. This conclusion is achieved by proving an equivalence between two MLTTs
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with and without universe level annotations. We further show that there is an NbE algorithm that

can be applied to the unascribed system directly, while maintaining its completeness and soundness.

Our contributions are as follows:

e We provide a full mechanization in Agda of MLTT with a non-cumulative universe hierarchy.
Our semantic models preserve precise universe level information, which is essential to proving
the completeness and soundness of the NbE algorithm.

e We prove the uniqueness property and further show that universe level annotations are logically
redundant by establishing an equivalence between two versions of non-cumulative MLT T—one
with annotations and the other without. Moreover, we show that NbE directly applies to the
system without annotations, thereby aligning the theory better with the common practice in
proof assistants like Agda or Lean.

e We also include a mechanization of cumulative MLTT with a similar set of features and com-
pare our mechanization of non-cumulative MLTT with it, highlighting how non-cumulativity
complicates mechanization of meta-theoretic arguments, and discuss the trade-offs involved.
The remainder of the paper is organized as follows. Sec. 2 presents an overview of the problem

setting, technical challenges and solutions. Sec. 3 formalizes the syntax of MLTT under non-

cumulativity with explicit universe level annotations. In Sec. 4, we describe our NbE algorithm and,
in Sec. 5, establish its theoretical properties. Sec. 6 discusses the additional complexities observed in
the mechanization of the non-cumulative setting, and Sec. 7 shows that explicit universe annotations

are logically redundant. We conclude with related work in Sec. 8 and final remarks in Sec. 9.

This paper includes hyperlinks® to our online artifact to provide correspondence between
the text and the mechanization to the readers. The mechanization, which assumes functional
extensionality as its sole additional axiom, and extended version of this paper are also published at
Zenodo [Jiang et al. 2025].

2 Overview

This section motivates the need for studying NbE in non-cumulative dependent type systems, and
identifies the key challenges and ideas in our work.

2.1 Motivation: Cumulativity versus Non-cumulativity

In MLTT, any well-formed type must live on some universe level. There are two common structures
of universe hierarchy: cumulative and non-cumulative. Cumulativity means that a type in a lower
universe level is automatically a type in all the higher universes, while non-cumulativity refers
to the lack of such a property. For example, the type of natural numbers N lives on level 0. With
cumulativity, N also lives on all universe levels. In the works of Abel [2013] and Hu et al. [2023],
cumulativity is achieved by extending the typing judgment with a rule allowing a type from a
lower universe level to live on all higher levels.
FT T'HT:Set;

I' - N: Sety I'FT:Setyy;

Note that repeatedly applying the cumulativity rule lifts the universe level of N to an arbitrary
level. Another (full-blown) way to support cumulativity is to introduce universe subtyping (c.f.
Rocq and [Fridlender and Pagano 2013; Jang et al. 2025]). In contrast, non-cumulativity forces N to
live on precisely universe level 0 by removing the cumulativity rule. Bringing types from lower
universe levels to higher ones requires explicit wrapping. In Agda, this is provided by the Lift
record. ! For example, Lift 2 N lifts N from level 0 to 2, that can be abstracted using the following
rules.

Ihttps://github.com/agda/agda- stdlib/blob/4b3bb5419143666554f4fc8083e9353bdfbef5b9/src/Level.agda#L.19

Proc. ACM Program. Lang., Vol. 9, No. ICFP, Article 239. Publication date: August 2025.


https://hustmphrrr.github.io/mech-type-theories/release/icfp25/
https://github.com/agda/agda-stdlib/blob/4b3bb5419143666554f4fc8083e9353bdfbef5b9/src/Level.agda#L19

239:4 Shengyi Jiang, Jason Z. S. Hu, and Bruno C. d. S. Oliveira

T'+T: Set; T'ret:T Frt:Lift; T
FI—Lifth:Seth Tk liftjt!Li'thT T'tunliftet: T

Both styles of universe hierarchies have their own merits. Cumulativity is simply more convenient,
because it saves the users from the explicit wrappings and unwrappings of Lifts. Cumulativity also
matches many users’ natural set-theoretic mindsets of universes. Non-cumulativity, on the contrary,
has the uniqueness property, which says that a well-formed term must have a unique type (up to
syntactic equivalence). The uniqueness property in turn relieves proof assistant implementers from
the needs of universe subtyping and maintaining universe level constraint solvers, resulting in
simpler implementations of proof assistants. In reality, different trade-offs are taken by different
proof assistants. For example, Rocq is cumulative, while Agda and Lean adopt non-cumulativity.

Our work justifies the usage of untyped NbE in the non-cumulative universe setting. The
technique is motivated by the recent work of Hu et al. [2023]. The main contribution of their work
is to extend MLTT with a modality and a full cumulative universe hierarchy. Their mechanization
employs NbE a la Abel [2013] and can be easily back-ported to MLTT to provide much more concise
(in terms of lines of code) normalization proof than similar works [Abel et al. 2018; Adjedj et al. 2024;
Altenkirch and Kaposi 2016a, 2017; Pujet and Tabareau 2023]. Nevertheless, the correctness proof
of the NbE algorithm critically relies on cumulativity. Removing the dependency of cumulativity is
not entirely obvious and is therefore the main challenge in our mechanization.

2.2 Proof by Keeping Track of Universe Levels

Since non-cumulativity has determined one universe level for each well-formed type, following Pujet
and Tabareau [2023], we explicitly ascribe types and the typing and equivalence judgments with
universe levels, so that syntactically, universe levels are constantly kept track of. For example, IT
types IT(x : S*).T7 and the typing judgment I + ¢ :* T have universe levels annotated.

The uniqueness property has a further and more complicated implication on the semantics. With
cumulativity, the semantics of a type constructor only needs to be based on smaller types on the
same level. For example, the semantics of a II type on level i only depends on the semantics of
the input and output types both on level i. However, in a non-cumulative hierarchy, the semantics
must maintain a precise account of universe levels to reflect the uniqueness property. For a IT type
on level i, its semantics now must depend on the input and output types on distinct levels j and k,
respectively, and i = max(j, k) must hold. This precision can be seen from the typing rules:

cumulative non-cumulative
TrS:Set; T,x:SrT:Set; TrS:*set;  T,x:SrT:*F sety
I'FII(x:5).T : Set; T FI0(x : 7). Tk 1FmaxUik) gt iy

This precision in universe levels poses an increasing complication in the Partial Equivalence
Relation (PER) model, which is used to establish the completeness theorem, compared to the
cumulative hierarchy. The definition of the Kripke model for the soundness theorem becomes even
more complex, because the Kripke model is defined on top of the PER model. Our mechanization
demonstrates how exactly these models are defined in Agda to eventually prove both completeness
and soundness theorems of NbE.

Once completeness and soundness of NbE are established, we can derive several consequences,
including exactness of universe levels, injectivity of type constructors, consistency and canonicity.
One extra syntactic consequence of the non-cumulative system is the uniqueness property. Although
it is deemed obvious, its proof can only be established at this late stage. Complexity in the proofs
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primarily arises in the elimination cases, which require the injectivity of type constructors, making
this property a consequence of the NbE proof as well.

2.3 Approaching Practical Syntax: Removing Explicit Universe Levels

Explicit annotations of universe levels are important to complete the NbE proof, but in reality, they
are hardly a common practice. Empowered by the semantic models and the uniqueness property, we
further show that these annotations are indeed logically redundant. In other words, all highlighted

universe levels (such as the highlighted levels in the earlier typing rule for non-cumulative II
types) are dropped to form an unascribed MLTT and these two versions of MLTT’s are equivalent.
To our surprise, formally establishing this conclusion is not very straightforward. The direction
going from the unascribed MLTT to the ascribed MLTT essentially re-annotates universe levels back
to types and judgments. The proof requires us to prove not only the existence of re-annotations, but
also that they these re-annotations always lead to equivalent terms. Such a stronger conclusion leads
to a significantly larger proof than what we originally anticipated. When the syntactic equivalence
between two systems is established, it allows us to transport properties proved in the ascribed
system to the unascribed system. It further allows us to develop an NbE algorithm for the unascribed
system directly and justify its soundness and completeness. Despite the complication in the proof,
the unascribed NbE algorithm itself, completely irrelevant to universe-level annotations, remains
simple and efficient.

3 Syntactic Definition of MLTT with a Non-Cumulative Universe Hierarchy

In this section, we define a version of MLTT with a non-cumulative universe hierarchy. The feature
set is standard and is a representative subset of MLTT. Universe levels are explicitly annotated in
this syntax and judgments.

3.1 Syntax

De Bruijn Indices n e N Variable Names x,y,z Universe Levels i, j,k € N
Terms, Types® rs,t, RS, T = x,| AMx:S).t|ts|0]|suct|rec(x.T?)r(x,y.s)t|
lift; ¢t |unliftt|t[o] |
Set; | II(x : $').T/ [N | Lift; T*

Substitutions® o, Ty 2= Id| 1 |ot:Tix|oor

Normal Forms®  o,w,V,W == u|A(x:W!.w|0|suco]|lift;o|Set; |
M(x: VH.WJ |N|Lift; V!

Neutral Forms® u s= xp |uo|rec(xWh) o, (x,y.05) u | unlift u

Contexts® I[A,Y = |Ix:T!

In our mechanization, we use de Bruijn indices to represent variables. In the text, for clarity,
we incorporate abstract names x for readability.” When de Bruijn indices are significant, they are
marked as subscripts of variables x,,. For example, x, is the topmost variable in the context, and
S+ 0 (where 0 is a de Bruijn index) is now represented as x : S  xo. Otherwise, we often omit the
subscripts to reduce noise. To avoid confusion, natural numbers in the object language are denoted
with monospaced fonts (N = 9, suc t), while natural numbers N in the meta-language (for variable
position, universe level, etc.) are denoted with normal fonts (0, 1, i, j, n).

2We cannot fully adopt named representations due to the problem that our formulation of explicit substitution is defined for
de Bruijn indices only. Interested readers can refer to our mechanization for a full de-Bruijn-index representation.
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Types and terms. The syntax of types and terms is unified as often is the case for dependently
typed calculi. The highlighted superscripts ? in the syntax indicate exact positions where explicit
universe level annotations are added. Types in our system include universe types Set;, II-types
(M(x : S%).TY), whose introduction form is A-abstraction (A(x : S%).t) and elimination form is
function application (¢ s). The “” in the syntax denotes a binding structure, where variables appear
before it are bound in the term that appears after it. For example, in II(x : S¥).T/, x in bound
in T. We also introduce a type of natural numbers N whose introduction forms are (@ and suc t)
and elimination form is the recursor rec(x.T%) r (x, y.s) t. In the recursor, we do recursion on t,
which is the natural number to be recursed on. If it computes to 9, then the recursor computes
to the base case, represented by r. If t computes to suc ¢’ for some t’, then the recursor hits the
step case, represented by s. The step case s has two open variables, where x is for the predecessor,
i.e., t’ in this case, and y is replaced by the recursive call. Finally, the overall type of the recursion
is computed by x.T* by replacing x with t. This type is often referred to as a motive [McBride
2000]. To provide a way to manually adjust the universe of types, we also have Lift; T', whose
introduction form is 1ift; ¢ and elimination form is unlift t. Last but not least, our type theory is
given as an explicit substitution calculus, where substitutions are delayed and explicitly recorded.
Consequently, a dedicated syntax t[o] for applying a substitution o to term ¢ is needed.

Normal forms and neutral forms of this system are mutually defined and standard. Neutral
forms include variables and all elimination forms where the scrutinee is a neutral form and other
components are normal forms (e.g., u v). Normal forms include all introduction forms of each
type and all types themselves, whose component are also normal forms (e.g., A(x : W).w and
II(x : W¥).VJ). Neutral forms are also normal forms.

Explicit substitutions. Explicit substitution is a conventional formulation to study NbE on type
theories [Abel 2013; Altenkirch and Kaposi 2016b; Hu and Pientka 2023; Wieczorek and Biernacki
2018]. The syntax of our explicit substitutions follows that of Abadi et al. [1991] which consists
of 4 cases. Identity substitutions Id do nothing. Weakening substitutions 1t weaken de Bruijn
indices of all free variables by one. They extend the context with an variable on top. Substitution
extensions (o, t : T?/x,) substitute the topmost variable (as indicated by x;) by ¢ and applies o to
the other open variables. Since we adopt Church-style functions, context extensions also include
additional type annotations, similar to Abadi et al. [1991]. Substitution compositions ¢ o 7 compose
two substitutions. It first applies o and then applies 7 to a term. For brevity, we also introduce
notations for two commonly used composed substitutions: [s : S?/x,] is short for [Id,s : S*/x],
which substitutes s for the topmost variable, and down-shifts de Bruijn indices of other variables by
1. The weakening of substitution q(T", o) weakens the substitution ¢ by extending the domain and
co-domain contexts with type (T[c])? and T". It is concretely expanded to (¢ o 1), (xo : T?/xq).

3.2 Typing and Equivalence

The typing and equivalence rules are defined by six mutually defined judgments in total: context well-
formedness + T'%, typing (term well-formedness) T' + ¢ :' T% (Fig. 1), substitution well-formedness
T'+o: A% (Fig. 2), context equivalence - I' = A%, term equivalence I' + s = ¢ :* T% (Fig. 1) and
substitution equivalence T + ¢ = 7 : ¥ (Fig. 2). The mutual definitions of context equivalence,
substitution well-formedness and substitution equivalence are due to our choice of explicit substi-
tution, otherwise substitution well-formedness and substitution equivalence are no longer needed
and context equivalence can be defined independently later. This style of definitions follows Abel
[2013] closely. For conciseness, we only present the important rules in the paper, and defer the full
set of the rules to Appendix A.
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t has type T at level i under context I'

FT FT [+ T:" set; FT x:T'eT
T+N:" Set, T+ Set; % Sety TrLift; T' 1% Set;y; Thx:!T
TrS:*iset; T,x:S'rT:1H Set; C+S:1* set; Ox:Sirtd T
Tk I(x: §5).19 maxGik) st Tk A(x : STyt @D 1(x : §F) T

FrS:*set; T,x:S"+T:1% Set; Tks max@ ) T(x : ST/ Trt:ds
Trst:d T[s:S/x0]

THtAT T Set; TritJ*Lift; T FT
T+ 1ift; ¢ JH Lift; T' T +unlifte: T r+0:°N
Lz:NrT:Miset;  Trr:T[o:N/z]
rrt:N Lx:NLy:T' ks  T[(1o1),sucx :N°/z] Lre:"N
I+suct:"N T Frec(z.Th r (x,y.s) t :F T[t:N"/z]
T'ro:A Art:IT Frt:!S TrS=T: set;
T+ t[o] f T[o] CredT

t and s of type T are equivalent at level i under context I'

T+ S set;

F,x:Sil—T:HjSetj Ix:S'rtdT Trs:ts TrtdT
Tk Ax:SH.t)s=t[s:S/x] J T[s:S"/x] I' Funlift (1ift;t) =¢ AT
T+ S set; [,x:S"+T:M Set;
T+t 6D q(x: 8. 77 THT:"Set; Trtd¥HLife; T
Tkt=Ac: S ((¢[1]) x) mx6ED) 11(x : §F). T [ rt=1ift; (unlift ) S Lift; T

[,z :N+ T :M* Set;
Trr:T[o:N/z] Lx:Ny:THrs:I T[(1 o 1),sucx; : N/z]

T+rec(zT) r(x,ys)0=r: T[0:N/z]

[,z:NOp T 1% Set;
T+r:T[0:N/z] Lx:Ny T ks  T[(1 o 1),sucx; : N/z] Irt:"N

T Frec(z.TY) r (x,y.s) (suct) = s[t:N"/x, (rec(z.T") r (x,y.5) t)"/y] :* T[suct:N°/z]

Fig. 1. Typing and equivalence rules for terms.

Well-formedness of terms and substitutions. Fig. 1 presents the typing judgments for terms and
types. As explained in Sec. 2.2, we explicitly ascribe the levels of types. In other words, given
T+t :' T,the universe level of T is i. Note that the typing judgment does not include the cumulativity
rule in Sec. 2.1, and therefore the system is non-cumulative. In some rules, there are redundant
premises. For instance, in the A rule, the well-formedness of S is implied by the well-formedness of
t. We include these redundant premises in order to prove the presupposition lemma (Theorem 3.2)
purely syntactically, following Harper and Pfenning [2005].
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o has codomain context A under T

FT FT, T Tro:A Arz:V¥
+Id:T LT k1:T Throo: ¥
Tto:A  ArT:"™sSet; T+t T[o] Tro:A FA=Y
Trot:T xo: (Ax:Th T'rto:¥
o and 7 having codomain context A are equivalent substitutions under I'
Tto:A A+T:*iSet; Trt:dTC I+o:I,T!
T'rto(ot:T xg)=0:A FTro=(1oo,x[0] : T /x): T, T

Tr7:A Aro:¥ YrT:Miset; Art: T[o]
Tr(ot:Txg)or=0or, (t[r] : T /x) : ¥, T"

Fig. 2. Typing and equivalence rules for substitutions (excerpt).

The typing rules for explicit substitutions are shown at the top of Fig. 2. Due to explicit sub-
stitutions, we must include a context conversion rule at the end to swap the result context to an
equivalent one.

Syntactic equivalence. The syntactic equivalence relation describes the equivalence relation
between terms. The type theory regards two equivalent terms "the same" and they cannot be distin-
guished within the system. Syntactic equivalence rules usually consist of three kinds of rules: PER
rules that include symmetry and transitivity, congruence rules that propagate equivalence deeper
in the syntactic structures, and computation rules that describe how computation is performed.
With explicit substitutions, there are also rules to describe how substitutions interact with terms.
For brevity, the bottom of Fig. 1 highlights the  and 1 computational rules of syntactic equivalence.
Other rules are presented in Appendix A. Note that the Lift type supports 1 expansion as well,
mimicking its behavior in Agda. Finally, the bottom of Fig. 2 defines the syntactic equivalence
between substitutions. They are usually properties if substitutions are defined as operations, but
we need to list them as rules due to explicit substitutions.

Syntactic properties. Two important syntactic properties of this system are presupposition and
equivalent context theorem. The context equivalence theorem states that every judgment still
holds when we change its input context to an equivalent context. Presupposition states that each
judgment implies the well-formedness of every component.

THEOREM 3.1 (CONTEXT CONVERSION?). Givent+ T = A,
oIle—t:iT,thenAl—t:iT;
o [fT+t=s:"T,thenArt=s:T;
e [fT+o:Y, thenAt+o:¥;
e IflTro=7:¥Y, thenA+ro=r7:V.

THEOREM 3.2 (PRESUPPOSITION % ).
o If+ T = A, thent+ T andt A;
o IfT+t:' T, thent+T andT + T :1*! Set;;
e I[fT+s=t:"T,thent T andT +s:' T andT +t:' T andT + T :'*! Set;;
o [fT-o:A thentT andr A;
e [fTro=1:Athen+-TandT'ro:AandT +7:Aandr A.
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Semantics (f) D
TA
L] JlB
Semantics (fn) Dnf Dre X Level
JRnf Rne J, 1\ |F | B
2 2 x
Syntax Exp Nf Ne Index

Fig. 3. Diagram of NbE a la Abel in a locally nameless style.

These properties are proved by induction directly. With these two properties, redundant premises
in the syntactic judgments can be derived from other premises. Hence it becomes easier to construct
a derivation tree.

4 Normalization by Evaluation

In this section, we introduce an NbE algorithm with ascribed rules for the syntax presented in the
previous section. The general definitions follow Abel et al. [2017].

Fig. 3, adapted from Abel et al. [2017], illustrates the general procedure of such an NbE algorithm.
Given a well-typed term I + ¢ : T, the whole NbE algorithm then works in a 3-stage manner: (1)
interpreting each free de Bruijn indices x; of type T; in T to reflected (T4 in Fig. 3) de Bruijn levels
X|r|-1-i (IT|— in Fig. 3) to form an environment p; (2) evaluating ([_] in Fig. 3) ¢ in p and reifying (|
in Fig. 3) the result to a normal semantic value; (3) reading back (R™ in Fig. 3) the normal semantic
value into a syntactic normal form. This is more refined than the usual 2-stage description of NbE
by putting a dedicated emphasis on evaluating free variables. The exact definition of evaluation,
readback, and context evaluation will be developed in this section. Readers are welcome to refer
back to this diagram to alternate between high-level description and exact definitions.

4.1 Semantic Values

Environment® p,$,0 eN—D
Semantic Values (D)® ab,c f, u= Ax.t), | 0| sucd | lift; a | Set; |

A BF (I A® (x.T9)), | N | Lift; A" | e
Neutral Semantic Values (D")% ¢ E n= x| ed | (rec (z.T") a (x,y.s) €)), | unlift e
Normal Semantic Values (D™)¢  d,D = iila

Most semantic values correspond directly to the types and introduction form of in the syn-
tax, including 0, suc d, lift; a, Set;, N and Lift; a'. Functional values ((Ax.t),, (IT A" (x.T7)),)
are formulated using closures [Landin 1964]. Reflected neutral values Tge are also values. Neu-
tral semantic values include variables and elimination forms blocked by neutral semantic values
(e d, unlift e, (rec (z.T%) a (x,y.5) €),). (rec (z.T") a (x,y.5) €], is also equipped with a closure.
Closures capture all free variables used by inner terms, such that later evaluation of the body inside
the binders only depends on this exact p. Variables xj are represented by de Bruijn levels k. De
Bruijn levels can be viewed as an absolute name (cf. locally nameless [Charguéraud 2012]) assigned
to the variable that is invariant to context extensions. Normal semantic values only include reified
values lf‘\a. Reflection ( T,i4 ) and reification ( lf‘\ ) are markers, indicating that the actual n-expansion
still has to be performed later. Our semantic values also carry the universe level information for
two reasons: (1) these universe levels provide important information to develop a precise PER
model and logical relation on semantic values (which will be discussed in Sec. 5); (2) our normal
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forms, as a subset of the expressions, need to have universe level annotations, so carrying them in
values simplify the definition of readback. This semantic domain is untyped, as it does not preclude
construction of non-nonsensical values like suc Set;.

Environments p : N — D are mappings from natural numbers (de Bruijn indices) to semantic
values. Consequently, environment extension (p; d) creates a new mapping where (p; d)(0) = d and
(p;d)(1 +1i) = p(i), and environment drop creates another new mapping (drop p)(n) = p(1+ n).

4.2 Evaluation and Readback Functions

Evaluation consists of five mutually defined (partial) functions: term evaluation [t], . a, substitu-
tion evaluation [o]s(p) . ¢, application f-a \ b, recursion-application rec-(z.T%, a, (x, y.s), b, p) \
¢ and unlift-application unlift- a N\, b. Their rules are shown in Fig. 4. We present these partial
functions as relations from inputs to outputs to stay close to our formalization. It is easy to show that
these relations are indeed partial functions. We will also sometimes use them as functions, where
we implicitly assume an existential quantifier for the results. The latter three are helper relations
that handle the elimination forms in the evaluation. Definitions of these helper functions have a
similar structure: one case when the scrutinee is of each introduction form; and one case when
the scrutinee is a reflected neutral value. n-expansion happens in the last case of application and
unlift-application and is interleaved with f-reduction. With explicit substitutions, the evaluation
rule of t[o] makes the whole evaluation more aligned for terms before and after the f-reduction,
which simplifies the justification of f-equality in the semantics domain [Abel 2013].

Readback includes three mutually defined functions: Rﬁf to readback normal values, R}® to
readback neutral values, and iR;y to readback normal type values at universe level i. Their rules are
shown in Fig. 5. The number n is needed to convert a de Bruijn level x; into its corresponding de
Bruijn index x,,_k—1. Readback of closures triggers the evaluation of the function body. n-expansion
happens when reading back a normal value (lj;‘a) when A is II or Lift.

With evaluation and readback defined, our NbE algorithm follows the 3-step manner, as formally
stated in the following definition. The context is first evaluated to an environment ('). Both t and T
are evaluated in this environment ([t]4r and [T];r). The semantic value of ¢ is type-value-directed

reified (l&Tﬂ r) to a normal semantic value then readback (R™) to a normal form.
1

Definition 4.1 (NVE Algorithm). ForT vt ' T, NbE{i(t) C = R?rfl (lf[T]] el
1

The only component that has not been formally introduced is the context evaluation (1), which
implements the first step of NbE a la Abel. This operation is inductively defined over the structure
of the context. For empty context -, it returns an empty environment, that is defined to return
garbage (in our case, we return 0) for any de Bruijn index n. For context extension (T, x : T?), it
evaluates I to p, then evaluates T under p to A, and creates a semantic variable with de Bruijn
level |T'| reflected by qu. Notably, although context evaluation, as a procedure, occurs before the
evaluation of t, its definition still depends on the evaluation function.

As reification takes a universe level as input, the NbE algorithm also requires this as input.
This level (and other universe level ascriptions in ¢ and T) is propagated and used throughout the
evaluation and readback process.

During the design of evaluation and readback functions, it is tempting to add universe level

checks as a guard to ensure the correctness of the algorithm. The equations with forms like i= max(i,j)

and = in the rules in Fig. 4 and Fig. 5 reflect such checks. For example, in R ii;':—_o-'o N\ 0, or

equivalently represented as R lgO \, 0, means the readback only succeeds after checking the
universe level of the reified value to be 0. All such checks are explicitly marked by dashed boxes.
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[t], ~ a® t evaluates to a under p

[S], A [Tl, A
[Nl, W\ N [M(x : $*).T7], \ (A" (x.T7)), [Lift; T'], \ Lift; A’
[ols(p) ~ ¢ [ty a
[Seti], \ Set; [tloll, N a [xn]p ~ p(n) [e], 0

[ty N a [rly ~a [t], N b rec-(z.T, a, (x,y.5), b, p) \ ¢
W [rec (zT") r (x,y.s) t], N c

[slp~f  [tlp~a  f-axb [tlp ~a

[A(x = ST, N (Ax.t), [st], b [Lift; t], \lift; a

[t], N a unlift- a \, b
[unlift ], \ b

[o]s(p) s ¢ o evaluates to ¢ under p

[o]s(p) ¢ []s(p) \ ¢
[ty d [o]s($) N 0
[d]s(p) N p [1]s(p) . drop p [o.t = T xo]s(p) s 3 d [ooz]s(p) 0
apply ftoaisb
[T]pa B
[yt K max(in - 1
(]A.Xo.tDp caN\ b T(]H_zq_i_()_(oTT})Dpe caN TBe (J’Aa)

’ rec-(z.T%, a, (x, y.s),b,p) \ c% rec-apply b to a and s under p with motive Tiisc

rec-(z.T%,a, (x,y.5),b,p) ¢ [s]ppe N

rec-(z.T%, a, (x, y.5),0,p) N\ a rec-(z.T%, a, (xo, y1.s),suc b, p) \. ¢’
T i B
[[ ]]P;Tﬁe ™
rec-(z0.T, a, (x,1.5), Tie, p) N\ Tg(]rec (20.T") a (x,y.5) e)p

unlift-apply a is b

— o aKEiED i
unlift- lift; a \ a unlift- TLi'ﬁj e Tyunlift e

Fig. 4. Relational definition of evaluation functions.

However, we later find these checks are not necessary, after the establishment of NbE soundness
discussed in Sec. 5.3. That is, an NbE algorithm that fully removes all such checks is still sound and
complete.

Such relaxations are possible because we only feed the NbE algorithm with well-typed terms.
Other forms of relaxations also exist in the original NbE algorithms [Abel 2013], including relax-
ations of well-scopedness in converting de Bruijn indices and levels and equal-type-value check
in reading back reified neutrals. The algorithm can certainly do more checks, but these checks
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R d N\ 0® Readback from normal semantic value d to normal form v
Ry e u® Readback from neutral semantic value e to neutral form u
Ry AN VE Readback from semantic value A of types to normal form V
RY ANW NEL VNN
=1 o
RO ée‘t o w RN %\ o R 11\1': Psuc a . suc w

RYANW  aTxanb o [T],, B R, Ipb\w

nf (kyz max(i ) Wi
R} l(]r[ 41 (10, aN\ Alxy : WhHw
B nf |i ne
unlift- a \ b Ry Lyb N w R™ ¢\, u RfeNu
nf [ _tl.l nflkl_'-- Ti,E\u
l(Llﬂf Al.)a\llft w Rnf ]I__TA (T T A’
ReNu RYd\w RifeNu
Ry X1 N\ Xpmi—q RifedNuw R}¢ unlift e \, unlift u
[T], 50, A RYANW [Tl NA RY (o) \w
” nf ne
[[t]]P;Tg[Xn;T,iAXHn [[T]]P§Suc(l]0\]xn) A R2+n lA”b ~ W Rn enu
R (rec (z0.T") a (x0,y1.5) €), \ rec (zo.W') w (x0.y1.w’) u
Ri¥e\NV
RY R,y JEIFIRY Set; \, Set; PZORY N NN
it t .
RIANV [T, NB R BAW iRY AW
ki max IR (I AP (0. T7)) , N T(xg 2 V). WY KETYIRY Lift; A"\ Lift; W'

Fig. 5. Relational Definition of Readback Functions

are always satisfied by the well-typed terms. As long as the algorithm is designed properly, these
properties will be maintained as an invariant. Though these checks affect the algorithm’s behavior
for ill-typed terms, it is not a concern both theoretically and practically. In practical type-checking
of dependent-type systems, the normalization is still invoked on sub-terms that have already been
type checked.

5 PER Model and Soundness and Completeness of NbE

This section develops an inductive-recursively defined PER model for (domain) values and a Kripke
logical relation to show the completeness and soundness of NbE. There are several changes to
adapt the definitions and proofs to the non-cumulative system: both the PER model and Kripke
logical relations are refined to ensure that exact universe level information is maintained. For
readability, definitions in this section are described in an informal mathematical language, while for
a successful mechanization, the exact formulation in Agda is of grave importance, whose simplified
signatures and more discussions are given later in Sec. 6. In this section, we no longer highlight the
universe level annotations.
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5.1 PER model

The PER model is used to justify extensionality rules in the semantics, as two terms that are
equivalent up to 7 rules can be evaluated to different semantic values. We use a = @’ € A to denote
that a and a’ are related by the PER (A defined on D X D. The notation a € A means that there
is some a’ such that a = a’ € A. We abuse the same notation for PERs defined on D"® X D"¢ and
an X an .

The definitions start with three extreme PERs, Ne, N f and 7 y;. Ne relates two neutral semantic
values if they can be readback to the same neutral form. N f relates two normal semantic values if
they can be readback to the same normal form. 7 y; relates two semantic type values if they can be
readback to the same normal-form type on universe level i.

ele=e € NeY|=VnIFuR¥eNuandR¥e \u

o @l: Vn, 3w, R d \ wand RY @'\ w

e [A=A €Ty =Vn IV RY ANV and RY A\ V

We also need a PER for base type N and another PER to relate to semantic

values reflected from neutral values. Nat is defined inductively with three cases, and Neu; has
one.

a=ada € Nat e=e € Ne e=e € Ne

0=0¢€ Nat sucacsuca € Nat Ti‘e = Ti;,e’ € Nat Ti‘e = Tf‘\/e’ € Neu;

With the base PERs defined, we then define the PERs of semantic type values via a family of
inductive-recursive definitions [Dybjer 2000]. These definitions simultaneously define two PERs:

(1) , which inductively relates type values A and B, and (2) |a =be &EL(D)TE | given

D :: A = B € Set;, which recursively relates two values a and b whose type values are A and B. [ :: |
assigns a name to a predicate.” Conventionally, we pick D, &, J for predicate names. This style of
definitions follows Abel [2013] and Abel et al. [2018]. The universe hierarchy of the PER model is
then formed by performing a well-founded recursion on the universe level i, as we only refer to
PERs that are already defined at lower universe levels for each case. A = B € Set; consists of five
cases, one for neutral types, and one for each semantic type values. The two bullet points — in each
case explain the inductively defined case and the recursion over this case respectively.
j— ’

) D T};'EEE_T%TIEE'ASS@Q and 8L(D) = New,

— Two reflected neutral type values are related on universe level i if the reflection happens on

the next higher universe level.
— Two values of reflected neutral type values are related if they are related by Neu;.

and 8;(D) = Nat

[ ]
D: N=N e Setio
— Two N are related on universe level 0.
— Two values of N are related if they are related by Nat.

and &1;(D) = Set;.

D Setj = Setj < Seti=1+j
- Two Set are related on universe level 1 + j if they are both Set;.
- Two values of Set; are related if they are related by Set;.
e D A=A € Set;

Dy Va=a € EL(D).[T]pa = [Ty € Sety =
D [MA (%19), = [MA7 (T, € Setmiry 4G =

3In mechanization, D represents a proof term of the judgment.
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where f = f' e Pi=V(Eza=a €8lj(Dy)),f-a=f"-a €E(Dy(E)). Note that D, is a

family of PERs parameterized over another PER.

— Two II type values are related on universe level max(}j, k) if (1) their input type values are
related on universe level j; (2) for all related values a, a’ evaluating the output type T, T’ at the
extended environments p; a and p’; a’ results in two related type values on universe level k;

— Two values f, f’ of Il type values are related if for all related values g, a’ of type values A and
A’, the result of applying f to a and f” to a’ are related. This reflects the extensionality of II.

o Dy A=A € Sety .
D Lifty A= Lift, AF € Setypye O Ol(D) = Unli

wherea=a" € Unli =unli-a =unli-a € El (D)

— Two Lift values are related on universe level j + k if (1) their inner type values are related on
level k; (2) the lifted universe levels are both j;

— Two values of Lift are related if the result of unlift-applying them are related. This reflects the
extensionality of Lift.

Compared with PERs for cumulative universes, the PERs here have stricter conditions on universe
levels in all cases. Type values must be related at a specific Set; given by the equational side
conditions. For example, in the non-cumulative setting, N and N must be related at universe level 0
and Set; and Set; must be related at universe level 1 + j. In contrast, the cumulative setting would
allow the former to be related at any universe level i, and the latter to be related at any universe
level i > j. Meanwhile, although previous discussions suggest that the NbE algorithm might be
irrelevant to the universe level information, tracking the universe levels in values makes such a
precise PER definition possible. Otherwise it is impossible, for example, to know the universe levels
of domain and codomain in the IT case. More concretely, in the cumulative setting, in the II-case
values no longer carry any universe level information. Domain and co-domain types are just related
at universe level i, which is the level of II-types themselves:

Dy A=A € Set,-

Dy Va=a € E(D).[T]pu = [T'] i € Set; Ry
D:  [HA D), = [MA (x0.T)), € Ser; 04 ELD) =

wheref = f' e Pi=V(Eua=d € EL(Dy)),f-a=f-a €EL(D(E))
Several properties are expected for this PER model, including symmetry and transitivity. The

most important one is the realizability theorem. This property is also known as the “sandwiching”
property, as it shows that our PER is sandwiched between two extreme PERs, Ne and Nf.

THEOREM 5.1 (REALIZABILITY® ). Given D : A = A’ € Set;
s A=A €Ty
o Ife=¢ € Ne, then e = Tz,e' € EL(D);
o [fa=a € EL;(D), then li‘a = lg,a’ e Nf.

Finally, we can define PERs for contexts D :: and environments | p=¢e8ll(D)°
The inductive-recursive definition for these two PERs is given below. The need for this induction-
recursion instead of a direct elimination on the structure of T isdue to proof relevance of Agda [Hu
et al. 2023].

[ ]

D: = cCix and EIT(D) =T

where T means a trivial PER that relates everything
— Two empty contexts are related.
— Any two environments are related.
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e D= I=I"€Cix
B TR T e W EIND) = Cons
where p = p’ € Cons ==& =: (drop(p) = drop(p’) € EIT(D,)) and p(0) = p’(0) € D,(E)
—T,xo: T and I, xo : T’V are related if (1) i = i/, (2) T and I" are recursively related, and (3) T
and T’ are evaluated to related values in p and p’ of T and I
- pand p’ of T, T" and T, T’" if (1) the dropped environments are recursively related, and (2) the
0-th value in them are related
Our context evaluation function creates an initial environment that is related (to itself) by the
PER induced by T, that is, for any D :: T =T € Ctx, T' = 1! € EIM(D).

5.2 Completeness

The completeness of NbE can be decomposed into two parts: (1) syntactically equal terms are
evaluated to related values; (2) related values are read back to the same normal form. (2) is already
implied by the realizability of our PER. In this section, we will develop the proof of the first part.

Given the defined PERs and their properties, we can first define semantic context equivalence

=T = A € Ctx. Semantic context well-formedness is defined via semantic context equiv-

alence, = F I =T. The semantic judgment of equivalent terms and equivalent substitutions
are as follows.
-D:ET;
— For any related p = p’ € EIT(D).
* T is evaluated to related type values: & :: [T], = [T],y € Set;;
* s and t are evaluated to related values: [s], = [t],s € 8L:(E);
- D =ETand D, = E A;
— For any related p = p’ € EIT(D,),
o and 7 are evaluated to related environments: [o]s(p) = [7]s(p’) € EIT(Dy);
Similarly, semantic typing and substitution typing are defined via semantic judgment of equiva-
lent terms and substitutions. =TFt=t:Tand =I'Fo=o0:A Withall
the semantic judgments defined, we can now state the fundamental theorem for completeness.

THEOREM 5.2 (FUNDAMENTAL THEOREM FOR NBE COMPLETENESS? ).

o If+ T, thenET; o [fr T = A, thenET = A;
o IfT+t: T, thenT Ft:T; o [fTrs=t:T,thenTEs=t:T;
o [fTro:A thenT Fo:A; o [fTro=1r:AthenT Fo=1:A.

Combining it with the realizability of PER completes the proof of the completeness of NbE, which
states that it normalizes any two equivalent terms to the same normal form.

THEOREM 5.3 (NBE COMPLETENESS® ). IfT' v s =t :' T, then 3w, NbEITi (s) N w andNbE{i(t) Nw

5.3 Soundness

In this section, we establish the soundness of the NbE. As usual, the soundness proof requires a
Kripke logical relation. We need two mutually defined relations, first by recursion on universe level

i,thenon D :: A = B € Set;: (1) between well-formed types T and type values A; (2)

Trt:T®ac &L (D) |between well-formed terms ¢ and values a. As this logical relation “glues”
a term t with a semantic value q, it is also called a gluing model. As contexts may be weakened
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during the typing derivation, we need to directly encode that our logical relations are stable under
weakenings. With explicit substitutions, weakenings are characterized by a restricted form of sub-
stitutions, called weakening substitutions, denoted by | k | in this section. Weakening substitutions
are substitutions syntactically equivalent to the n-th composition of 1 (0-th composition is Id),
whose formal definitions are shown below.

Frk=1Id:A Tri :(Axo:T) Trrk=1tok :A
T'rx:A T'rx:A

Before the definition for all type values in Set;, we first need to define the logical relation
T'+t®aeNat? |for the base PER Nat,

Frt=0"N Trit=sucs®N Trs®@aecNat €€ Ne VK,AFK:F—’AFf[K]ER?&eiON

Trt®0eNat I'+t®sucaceNat Fl—t®Tf4e€Nat

We define the two logical relations for each case of Set; below. Similar to the definition of the
PER model, the universe levels in each case are precisely tracked and propagated.
. E=FE € Ne
D ;AHE = TElE' € Set;
-T+T® D=
x T is well-typed: T' + T :1* Set;;
* For any weakening substitution k s.t. A+ k : T,
- T[x] is syntactically equivalent to the readback of E: A + T[x] = RTAelE 24 get;
-Trt:Te(The) € EL (D) =
# T is well-typed: T + T :1*! Set;;
* tis well-typed: T + ¢t o/ T;
x e € Ne;
* For any weakening substitution k s.t. A+ k : T,
+ T[x] is syntactically equivalent to the readback of E: A + T[x] = R} E 14 Set;

- t[k] is syntactically equivalent to the readback of e: A + t[k] = RTAe‘e # T[k]

D: N=Ne Set,-:o
-T+TO' D=
* T is syntactically equivalent to N: T + T = N :! Sety;
-Trt:T®ac &l (D)=
x T is syntactically equivalent to N: T + T = N :! Sety;
* 1 and a are glued by the logical relation for Nat: T + t ® a eNat

D Setj = Setj (S Seti=1+j
-T+T® D =T+T= Set; 24 Setiyj;
-Trt:T®ac &l (D)=
* T is syntactically equivalent to Set;: T + T = Set; :**/ Sety,;
 tis well-typed: T + ¢ :' T;

* Eunae Setj
* tis a type, a is a type value, and t is glued with a: T + t ®/ &
e D A=A € Set;
Dy = Va=a €81;(Dy).[T]pa=[T],yw € Sety

D ([MA (x.T5), = (MA7 (x.TF))y € Seticmax(it)
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-THT® D :=3typesS,R
+ S and R are well-typed: T + S :'*/ Set; and I, $/ + R :1*F Sety;
x T is syntactically equivalent to this I type: T + T = II(x : §/).RF :+maxUik) Set s
% For any weakening substitution k s.t. A+ k : T,
- S[x] is recursively glued with A: A + S[x] ® D;:
- For any term s and value b s.t. & = b € E; (Dy) and A + s : S[x] ®/b € El; (D),
AF R[k,s: 5] @D, (&)
-T+t:T®ae &l (D) =ItypesS,R
% S and R are well-typed: T + § A+ Setjand T, S/ F R 1K sety;
* T is syntactically equivalent to this IT type: T' + T = II(x : §/).RF :1*7 Set;;
* tis well-typed: T + ¢ : T
% a € Pi (Pi is defined in Sec. 5.1);
* For any weakening substitution k s.t. A+ k : T,
- A+ S[k] ® D
- For any term s and value b s.t. & = b € EI; (Dy) and A + s : S[x] ®/b € El; (Dy).
(t[x] s) is recursively glued with (a- b): A v (t[x]) s : R[x,s : S'] ®F(a-b) € EI(D,(E))
o D= A=A € Sety
D Lift; A = Lift; A’F € Set;_jux
-T+T® D:=TtypeS
* Sis well-typed: T + § :1*F Sety
x T is syntactically equivalent to this Lift type: I+ T = Lift; Sk :!* Set;
* For any weakening substitution k s.t. A+ k : T,
S[x] is recursively glued with A: A + S[x] ®* D,
-Trt:T®ae &l (D):=ItypeS
x Sis well-typed: T + S :*F Set,
x T is syntactically equivalent to this Lift type: T + T = Lift; Sk :1*! Set;
* tis well-typed: T + ¢ ' T;
% a € Unli (Unli is defined in Sec. 5.1);
* For any weakening substitution k s.t. A+ x : T,
A F (unlift t)[k] : S[x] ®F (unli- a) € El(Dy)

Realizability. After defining the logical relation, we establish its realizability. The realizability
theorem states a similar“sandwich” property, but it now requires strengthening to hold under
all extended contexts. To formalize these properties, we first introduce three definitions. Given
D :: A=Be Set;.

. =THT:M Set,A=Be Ty andVest Ak k:T,ArT[k] = 'R A:1 set,
o |FI—t:T@ie€61i(D)U|:=Fl—tzi T,T+rT® D,e € Ne,and Vk s.t. Ak : T,

Avt[x] = R?Aele 4 T[x]

. |F|—t:T@ia€81i(Z))3 =T+tIT,T+T® D, |4a=|tae NfandVkst. Arx:T,
Art[k] = RTL(U‘\‘I) 4 T[]
THEOREM 5.4 (REALIZABILITY“ ). Given D :: A = B € Set;
¢ IfT+T® D, thenT +T® D;
o IfT+t:T® ec&EL(D), thenT +t:T® (The) € EL (D);
o IfT+t:T®ac&l (D), thenT+1:T® ac&Li(D).
Realizability implies that if T + ¢ : T ®'a € EI; (D), then t is syntactically equal to the normal
form obtained by reading back from a (in all extended contexts from I'). The last step is to define
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the logical relation that glues a substitution with an environment. Again, this is done by another

inductive-recursive definition of semantic context well-formedness D :: and a substitution

gluing model [T + 0 ® p : EIP (D) | Here, the recursion is a bit different from previous ones as it

returns a predicate on I, o and p instead of a PER. ¢ is glued with p (under I') should be understood
as T, o, p satisfy the predicate returned by SIP (D).

" .~ and&IP(D) = PNil
where PNil(A,7,$) =AFr 1T -
e D =T
[rT:H Set;
. .. ) i
. VAo ®p: SZP(D),?}_..F[[?];,. ;lSet, and A+ T[o] ® & and EIP (D) = PCons
bl O .

where PCons(A, 7, §) = 3 substitution y and term ¢,

- 7 has the codomain context (T, x, : T): A+ 7: (T, xo : T);

— 1 o ris syntactically equivalenttoy: A+ tor =y : T;

— t is syntactically equivalent to the topmost term in (T, xo : T?): A + xo[7] =t : T[r];

— Evaluation of T is related in Set;: & :: [T] (arop ¢) € Seti;

- t is recursively glued with ¢(0): A + t : T[y] ®¢(0) € &L (E);

— v is recursively glued with (drop ¢): A+ y ® (drop ¢) : EIP (D).

With all the setup in place, we are now ready to define the semantic well-formedness judgment
of terms and substitutions and to state the fundamental theorem, which asserts that syntactic
well-formedness implies semantic well-formedness.

- DT
- Forany Ao pst.A+o®p:EIP(D),
* & [T], € Set;;
« t[o] and [t], are glued: A + t[o] : T[o] ®'[t], € EL; (&)
o T'lFo:AY |=
- Dy =lFTand D, i IF A
—Forany¥7rpst. Prr®p:EIP(D),
x 7o o and [o]s(p) are glued: A + 700 ® [o]s(p) : EIP (D).

THEOREM 5.5 (FUNDAMENTAL THEOREM FOR NBE SOUNDNESs?).
o If+ T, thenl-T;
° Ifl“l—t:i T, thenT It T;
o [fT+o0:3, thenT IFo: A.

THEOREM 5.6 (NBE SOUNDNEss?). IfT + t :! T, then 3w, NbEITi(t) NwandTrt=wiT.

The soundness theorem is a corollary of the fundamental theorem. By applying the fundamental
theorem, we know D = T IF ¢t :! T whose first conclusion is & :: IF T. Let ¢ = Id in the second
conclusion of D. Since T + Id® 11 : EIP(E), we know ¢[1d] and [¢] 1r are related in EL;([T[1d]]4r).
The goal can then be concluded by applying the realizability theorem.

5.4 Consequences

Soundness and completeness justify the equivalence relation presented in Sec. 3, as they demonstrate
that our NbE algorithm provides a decision procedure for checking this equivalence by normalizing
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two terms and comparing the normal forms syntactically. These two theorems also imply additional
properties of the system. The following universe level exactness is a consequence of completeness.

THEOREM 5.7 (UNIVERSE LEVEL EXACTNESS®).
o IfT+ Set; = Sety X Setj, theni=1i,j=1+i,andk =1+ j;
o IfT-N=N: Set;, theni=0andj=1.

Injectivity of type constructors states that the syntactical equivalence of constructed types can
be inverted to the equivalence of their components. This property cannot be established by a
simple syntactic proof, mainly due to the presence of the transitivity rule. Although it is listed as a
consequence, this property may not necessarily depend on the normalizing property of the system.

THEOREM 5.8 (INJECTIVITY OF TYPE CONSTRUCTORS ©).

o IfT FT(x:S).TV =T(x: 8").T"7 *k Sety, theni=i’, j = j/, k = max(i, j) and
F+S=8 " Set;, andl,S'+ T =T ' Set;;

o IfT +Lift; T = Lifty TV :*K Sety, theni=1i", j=j,k=j+kandT + T =T :'* Set;.

Since we add sufficient type annotations to terms (specifically, by adding argument types to A-
abstractions), and each type in this system has a unique universe level, we expect that a single term
can only be typed with equivalent types at a unique universe level. With explicit substitutions, it
needs to be proved together with another theorem that states each substitution produces equivalent
codomain contexts. These two theorems are formally stated below.

THEOREM 5.9 (TYPING UNIQUENESS?).
e IfT+t:TandT +t: T/ theni=1i andT + T = T :'*! Set;;
e IfTro:AandT+o: AN, thent A= N.

Proof by direct induction on this theorem almost works except for two elimination cases
of IT and Lift types cases: application (I' + ¢ s :* T) and unlift (T + unlift ¢ :' T. The situation
of these two cases is similar. Take the unlift case as an example. Given I' + ¢ /*/ Lift; T and
T+t Lift; 'T’", the induction hypothesis only shows T + Lift; T? = Lift; T'" :*/* Set ;.
To conclude T + T! = T’ :*! Set;, we need Thm. 5.8. The application case is the same situa-
tion. This dependency suggests that there could not be a simple syntactic proof to conclude this
uniqueness theorem.

The other usual consequences of normalization are logical consistency and canonicity. Both proofs
use standard techniques based on the soundness and completeness of NbE. Our consistency is
phrased as there are some uninhabited types in the empty context. This phrasing does not put
forward require one explicit “false” type.*

THEOREM 5.10 (CONSISTENCY?). - + ¢ :"*/ TI(x : Set}*") x" is false.

The following theorem shows that a closed term ¢ of type N must be equivalent to a term
constructed by the introduction form of N (i.e., @ and suc) only.

THEOREM 5.11 (CANONICITY OF N¥). If- + t O N, then - + t = suc™ @ :° N for somen € N.

6 Comparison between Cumulativity and Non-cumulativity

In previous sections, we have described the models in an informal mathematical language. However,
the description has taken various shortcuts for conciseness. To ensure rigor, we mechanize all
our results in Agda. Our mechanization consists of two systems, an MLTT with a non-cumulative
universe, the system described in this paper, and an MLTT with a cumulative universe, for comparing

4The impredicative version of the chosen type is an encoding of the usual “false” type
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definitions and mechanization. The cumulative version can be viewed as a back-port of Hu et al.
[2023]’s mechanization by removing modality-related features. Due to non-cumulativity, we observe
significantly more complications in mechanization. Consequently, we must tame various details
like proof relevance in Agda to make sure that the proofs of completeness and soundness remain
manageable. As a quantitative indicator, the type-checking time increases from 2 minutes to 9
minutes in Agda comparing these two versions.

6.1 Differences in PER Models

Compared to mechanization of the cumulative universe, the uniqueness property induced by
non-cumulativity has led to the need for explicit management of universe levels. The distinction
between cumulativity and non-cumulativity has become evident from the type signatures of the
PER models:
-- Cumulative
module PERDef (i : N) (Univ : V {j} — j<i — D — D — Set) where
mutual
data U : D — D — Set
El : V{AB} = UAB —> D — D — Set

-- Non-cumulative
module PERDef where

mutual

data U i (Univ : V {j} - j<i —>D — D — Set) : D - D — Set
El : V{AB}i (Univ : V {j} - j<i—>D — D — Set) —
UiUivAB —- D — D — Set

The PER models are defined in their respective PERDef modules. With cumulativity, the module is
parameterized by two arguments: i : N fixing the universe level, and Univ for well-foundedness of
U. In particular, U : D — D — Set is a binary relation between semantic types, so Univ allows
us to have access to all previous U j for j < 1i.EI relates two semantic values given a relation
between two semantic types. Univ is eventually provided by a proof of well-foundedness for both
kinds of hierarchies:
U: N—->D—D — Set
U i = PERDef.U i {- omitted proof via a well-founded induction -}
The main difference in the PER models is the placement of i and Univ: with cumulativity, they
are fixed parameters to the module, while non-cumulativity requires us to manage them in the
definitions. The impact of this difference is significant in cases where multiple types with potentially
different levels are involved, e.g., I types, whose pen-and-paper definitions are given in Sec. 5.1,
for both non-cumulative and cumulative settings.
-- Cumulative

Im : (iA: UAA) —

(V{aad} —>EliAaad - IRTT(pr—a) T (pf »a) U —
UTATp) TIANT p)

In this definition, IIRT is a predicate that evaluates T and T’ in extended environments p +— a
(representing p; a in Agda) and p’ +— a’ respectively, and relates resulting semantic types by U.
Specifically, it is always the same U involved, because with cumulativity, semantics of types on a
lower level also exist on all higher levels, i.e., i. On the other hand, with non-cumulativity, we need
to manage not only the universe levels, but also proofs of Univ, due to proof relevance in Agda:
-- Non-cumulative

IIm:Vv{jk}y —
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let Univj : V {1} - 1< j — D — D — Set -- definition omitted
Univk : V {1} - 1<k —- D — D — Set -- definition omitted
in (iA : U j Univi A A) —
(Y {aad’} > El juUnivjiAaa - IIRTT (p = a) T (p’ — a) (U k Univk)) —
U (max j k) Univ dI j A (T / k) p) AL 3" A (T" / K) p)
Compared to the minimal semantics of IT with cumulativity, in the non-cumulative case, we must
carry two proofs Univj and Univk, because the input types live on level j and the output types on
k, which are both different from max j k, the level of II.

Worse yet, this complication further propagates throughout the proofs of various properties of
the PER model. Since both i and Univ are fixed as module parameters in the cumulative setting, sub-
sequent proofs about the PER model are completely oblivious to the details about well-foundedness
in Univ after some small technical efforts. On the other hand, the same technique does not seem
to work with non-cumulativity. Difficult properties often require to directly work on PERDef.U
instead of the top-level U, causing much more effort in managing proof relevance. Proofs appear
less clean than the cumulative case. Type-checking time also increases, because extra parameters
drive Agda to perform non-trivial higher-order unifications in the proofs.

6.2 Challenges in Kripke Models

If the complication in the PER model is moderate, then problems in the Kripke model have reached
a new next level. Since cumulativity allows us to isolate the details about well-foundedness of
universe levels, we are able to give definitions of the Kripke model by a direct recursion on the
top-level PER model U:

-- Cumulative
module Glu i (rec : V {j} — j<i— V{AB} - Ctx —» Typ - U j A B — Set) where
mutual
F @ : Ctx —» Typ - Ui AB — Set
F_: _®_ €El_ : Ctx — Exp — Typ - D - Ui AB — Set

by recursion on U i A B. The parameter rec is similar to Univ in the PER model to express well-
foundedness of the Kripke model and is filled in by a well-foundedness proof, which we omit for
brevity. With non-cumulativity, the Kripke model is defined in a similar manner to the PER model
by propagating rec inwards. In fact, the actual definition is more complex, because to successfully
recurse on the PER model, we must work with a general Univ:

Here, _+_®_ gives the Kripke relation for types and _+_: _®_eE1_ for terms. They are both defined

-- Non-cumulative
module Glu where
mutual
[l ]F@e_ = ¥V i (rec : V {3} (j<i : j <i) (univ : V {1} - 1<j— D — D — Set) {AB} —
Ctx — Typ — PERDef.U j univ A B — Set) —
(Univ : V {j} - j<i—>D—D — Set) —
Ctx — Typ — PERDef.U i Univ A B — Set
oo, ]F_: _®@_€El_ : V i (rec : V {j} (J<i : j < 1)
(univ : V {1} - 1< j —> D — D — Set) {AB} —
Ctx — Typ — PERDef.U j univ A B — Set)
(Univ : V {j} —» j<i—>D—> D — Set) —
Ctx — Exp — Typ — D — PERDef.U i Univ A B — Set

The type signatures are much more complex now. First, i is the given universe level. We then
need rec for well-foundedness of the model in i. However, rec has a longer type due to the
need to directly work with PERDef .U and an extra parameter univ that is passed to PERDef. U.
This extra parameter is to capture the fact that the overall model is parameterized by Univ, the
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well-foundedness predicate to the input PERDef . U. The types after Univ are the desired types that
we would like the Kripke predicates to possess, which are what cumulativity would have brought
us. The definitions thus proceed by recursion on PERDef.U i Univ A B. For each case, we suffer
from the need of maintaining equality between proofs due to proof relevance in Agda and how the
PER model is defined. The definitions are too verbose to put in the paper, so we refer interested
readers to our accompanying artifact.

Challenges continue to escalate as we establish properties about the Kripke model. Not being
able to isolate the well-foundedness proof entirely has been the top problem during proving. It
leads to longer lemma statements, longer proofs, more difficult unification problems for Agda to
solve, and hence much longer type-checking time.

Despite that the choice between cumulativity and non-cumulativity often results in a debate, we
see that, at least in terms of mechanization of NbE, cumulativity provides significant simplifications,
which might contribute to a critical factor of consideration at the early stage of design. We are
not sure whether our mechanization of non-cumulative MLTT can be further improved, so that it
becomes less resource-consuming. We leave this problem as a future work.

7 The Unascribed System

As the uniqueness theorem suggests, levels are entirely determined by typing derivations. This
naturally raises the question of whether these level annotations can be removed. In this section,
we prove that removing all level annotations yields a system that is sound and complete with
respect to the original one. We refer to the original system as the ascribed system and the new
system as the unascribed system. This transformation also brings the system closer to the practical
syntax and rules of practical proof assistants like Agda. The syntax® and rules® of the unascribed
system are identical to those of the ascribed system presented in Sec. 3, except that all universe
level annotations ? are removed. For brevity, in this section, we use different colors to distinguish
contexts, terms, types, substitutions, and judgments in the two systems. Specifically, we use I, t, T, o
to denote elements of the unascribed system and T', #, T, o for those in the ascribed system.

7.1 Syntactic Soundness and Completeness

Since the syntax of the two systems differs, we first need to define an appropriate way to relate
contexts, expressions/types, and substitutions. As the only difference between the two systems is
the presence of universe level annotations, an erasure function, denoted as | _ | ¢, which removes
all these annotations in terms while preserving the remaining structure serves as a suitable relation.
For example, IT(x : Set}”).x’ is erased to I1(x : Set;).x. This function is many to one. The same
erasure function can be naturally extended to each syntactic category, and we reuse the same
notion for them, e.g. | I'| erases universe level annotations in I'. The definitions of these functions
are straightforward and are omitted here. For brevity, we sometimes omit the erasure function and
instead use the same symbol in different colors to indicate erasure, e.g., t and ¢ in the same textual
context indicate | ] = ¢.

Completeness. The completeness proof follows straightforwardly by induction on the derivations
of the ascribed system. Thanks to the totality of erasure functions, they can be applied to any
contexts, terms, types, substitutions without requiring knowledge of their well-formedness/well-
typedness.

THEOREM 7.1 (SYNTACTIC COMPLETENESS ? ).

o If-T,thent T; o Ift ' =A, thent T = A;
o IfT +t: T, thenT +1t:T; o [fTrs=t:!'T,thenTrs=t:T;
o [fT o :A thenT Fo:A; e lfTro=1:AthenT Fo=1:A
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Soundness. However, the soundness requires “reconstructing” such levels. That is, prove the
existence of such levels. Even if we have properties of the ascribed system, the conclusion given by
the existential quantifier is too weak. For example, to prove the IT case, the induction hypothesis will
giveus Iy F 5; i get;and 1, Sy - T 11 Set ;. We know nothing about the relationship between
I'' and I, and between S; and S, except that they are both erased to the same thing. The proof is
thus blocked. To prove the soundness by induction, we need stronger conclusions to relate two
contexts, expressions and substitutions given by the existential quantifier. The proper relation is
defined as follows.

o |I'|=|T"Y |:=VIin |I1] = (drop n I'),and + I, then + (drop n I') =T}

o [THi=|t'% |=Viyty Th, |t =t,and T + £, ;" Ty, then T Ft =1, 0 T4
° :=Vm A, if |oy] =0o’,and T + oy : A, thenT o0 =0y : A4

These relations state that all possible I, #;, o; that are well-formed and erased to I/, ', ¢’ are
equivalent and thus they are “interchangeable” with the specific I', t, o given by the existential
quantifier. There are two interesting points about these auxiliary relations. Firstly, I'| =]T"” talks
about all the prefixes of I' and I/, achieved by the additional quantification of n and an ordinary
list-drop operation. This generalization is essential for the formation and equivalence cases of 1.
Secondly, I' + | =]t" does not include the type of  or ¢’. The quantified #; can be well-typed under
any level i; and type T;. On one hand, this is necessary for the cons case of context equivalence
F I, Ty = I, T, . Since we do not have the information, from inverting the erasure operation, that
two types T and T, are at the same level, the premise must be general enough to reason about
this. On the other hand, this is feasible as expressions contain enough information to recover
types. By strengthening the original soundness theorem with the help of these relations, the final
fundamental theorem to prove by induction is:

THuEOREM 7.2 ((FUNDAMENTAL THEOREM FOR) SYNTACTIC SOUNDNESS?).

o If+ T, thendl,s.t. |I'| =T and+ I, and T'|=]|T;

o IfT+t:T,then3i,T,t,T,st. || =T,[t]=t,|T]=TandT +t:' T,andT|=|T and T v t|=]t;

o [fT+o:A thendl,o, A, s.t. [I'] =T, o] =0,|Al =AandT o : A, andT|=]T,T + o|=]0,
and N =]A;

o Ift T = A, then3aT, A, s.t. [T =T, [A] =Aand+T = A, andT'|=|T and A|=]A;

o IfTrs=t:T, then3i,T,t,5,T,st. |[I'] =T,[s] =s,|t] =t,|T] =TandT +s=t:T, and
I=|T, T Fs|=]s, and T v (| =]t;

e [fTro=r1:A thendl,o,,A,st. |[I'| =T, o] =0o,|t] =0, |Al =AandT +o=1:A, and
I =], T+ o|=]o, T+ r|=]r and AL =]A.

The unascribed soundness theorem is a direct corollary of this fundamental theorem by removing
the extra strengthened conclusions.

With unascribed soundness and completeness, properties in the ascribed system can be trans-
ported to this unascribed system, with logical consistency being an example.

THEOREM 7.3 (CONSISTENCY?). - + ¢ : [1(x : Set;).x is false.

PrROOF. Assuming - + ¢ : II(x : Set;).x is derivable and applying the unascribed soundness theo-
rem, we get - + ¢ /1 TI(x Setl.iz).xjj for some ji, jo, j3. By the presupposition lemma of the ascribed
system, we can conclude - - IT(x : Set/").x/* :'*/i Set; . The only possible case for this typing to
holdis j; = 1+1i, j = 1 +i and j3 = i. However, this case is also impossible according to the
consistency of the ascribed system. O
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Other examples of transported theorems are context conversion (Thm. 3.1) and presupposition
(Thm. 3.2). The proof strategy is straightforward by using both unascribed soundness and complete-
ness.” With presupposition theorems, the additional well-formedness premises marked in Fig. 1
can also be eliminated for the unascribed system.

7.2 NDbE of the Unascribed System

Despite the syntactic equivalence of these two systems, the NbE algorithm for the ascribed system
cannot be applied to the unascribed system directly. The algorithm still takes ascribed terms
as inputs, and performs additional checks based on the level information. Although based on
previous discussions, most checks can be eliminated and the NbE algorithm should be universe-
level irrelevant, it is not immediately obvious that there is an NbE algorithm that works in the
unascribed system directly and enjoys desirable properties of soundness and completeness.

A promising and simple candidate of such an NbE algorithm is the algorithm that resembles the
ascribed NbE algorithm, but removes all checks and processing related to universe levels. That
is, the NbE algorithm takes terms and types of the unascribed syntax as input, evaluates them
to unascribed domain values and read back to unascribed normal forms. The definition of the
unascribed domain® and evaluation® /read-back” functions of this NbE can be roughly understood
as those presented in Sec. 4 by removing all universe-level related annotations and are omitted here
for brevity. The detailed definitions can be found in Appendix B. This algorithm is no more complex
or less efficient than its cumulative counterpart, as no additional universe level information is kept,
not to mention any checks on them. In the remaining section, we will establish the soundness and
completeness of this NbE algorithm with respect to the unascribed system.

The proof starts by proving the output completeness of the unascribed NbE to the ascribed NbE.
The theorem means that if the ascribed NbE produces a result for some ¢ of type T (of universe
level i) in I, this unascribed NbE also produces a result for input term ¢ of type T in I, and their
resulting normal forms match up to erasure. We first extend the definition of erasure function to
(normal, neutral) semantic values |a], |d], |¢] and environments | p |, in a straightforward way.
The output completeness of the unascribed NbE is a composition of the following two theorems.
Note that, since we do not track the universe level information anymore, type readback function
R, of the unascribed NbE neither takes it as an input.

THEOREM 7.4 (OuTPUT COMPLETENESS OF THE UNASCRIBED EVALUATION?).
o If[t], . a, then [t], ~ a;
o If[o]s(p) ¢, then [o]s(p) s ¢;
e Iff-a~b,thenf-a\b;
o Ifrec(z.T',a, (x,1.5),b,p) \ c, then rec-(z.T, a, (x,1.5), b, p) s ¢;
o Ifunlift- a " b, then unlift- a \, b.

THEOREM 7.5 (OUTPUT COMPLETENESS OF THE UNASCRIBED READBACK ).
o IfRY d .o, then R2 d \ v;
o IfR) e u, thenR)® e \ u;
o If'lR) V"L A, then R V \, A

Their proof is done by direct induction. Combining them together, we have the completeness of
the unascribed NbE to the ascribed one, whose meaning is described above. This theorem holds for
all T, t and T, regardless of their well-formedness. Again, this is thanks to the fact that we adopt
the untyped domain model for NbE.

5For context conversion, we need to apply the fundamental theorem of unascribed soundness directly once.
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Fig. 6. Overall proof structure. Arrows indicate soundness and completeness. Properties in dashed boxes and
represented by dashed arrows are proved indirectly.

THEOREM 7.6 (OUuTPUT COMPLETENESS OF THE UNASCRIBED NBE?). If NbE]T'( ) . w, then
NbEé () N\ w.

With the output completeness of the unascribed NbE to the ascribed NbE (only this single direc-
tion is needed), we can immediately conclude the soundness and completeness of the unascribed
NbE algorithm with respect to the unascribed system.

THEOREM 7.7 (SOUNDNESS® AND COMPLETENESSY OF THE UNASCRIBED NBE).
o IfT +t: T, then 3w, NbEL (1) \ wandT vt = w: T;
o [fT+s=t:T, then Jw, NbElr(s) Now andNbEIr(t) Now.

Proor. Take soundness as an example. Give I' - ¢ : T, the proof takes 4 steps: (1) applying
the unascribed soundness theorem (Thm. 7.2) to conclude I - ¢ :' T for some i; (2) applying the
soundness theorem of the ascribed NbE (Thm. 5.6) to conclude NbEf-" () ~wandT'+Ft=w: T
for some w; (3) applying the output completeness theorem of the unascribed NbE (Thm. 7.6) to
conclude NbE'{ (1) " w; (4) applying the unascribed completeness theorem (Thm. 7.1) to conclude
T'rt=w:T. O

In summary, this result largely closes some of the gap between the system and the NbE algorithm
we study and the practical ones used in proof assistants like Agda. As shown in Fig. 6, all the proofs
in the unascribed system are achieved by using the ascribed system as an intermediate system,
proving properties in it and then transporting all the properties back to the unascribed system
using syntactical soundness and completeness. Though current proof takes a large roundtrip, it is
suspicious if we can skip the ascribed system and directly prove the soundness and completeness of
the unascribed NbE algorithm with respect to the unascribed system. Without the precise universe
level given by the ascribed system, we have to use an existential quantifier to get the level i in
the semantic proof (as the case of the cumulative proof). However, for the non-cumulative case,
we cannot use the trick to lift all related values to a high-enough universe level. Instead, we must
further prove that two i’s given by the existential quantifiers are the same. Strengthening the
logical relation may be possible, but it is not obvious, and will further complicate the already
complex mechanization. Note, even if such a new proof strategy is feasible, the need for the precise
PER model presented in Sec. 5 (and consequently the technical challenges mentioned in Sec. 6)
can hardly be exempted, as non-cumulativity forces relating type values at the the one and only
correct universe level. In retrospect, this ascribed then unascribed proof strategy makes the whole
mechanization more modular and manageable as all the uniqueness related proofs are done in the
syntactic level and conceptually coincides with the common practice to prove properties in an
“elaborated” system [Ferreira and Pientka 2014; Gundry 2013; Pottier 2014], although we did not
foresee this from the beginning.
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8 Related Work

Our work is mostly related to Hu et al. [2023], who mechanized an NbE algorithm for MLTT with
modal types and a full universe hierarchy in Agda. They adjusted models used by Abel [2013]’s pen
and paper proof, so that the universe levels are explicitly maintained and a limit-taking operation of
universe levels is no longer needed. They also altered several definitions in order to work with the
proof relevance and termination checking in Agda. Our work refines their PER model to contain
precise universe level information, enabling reasoning for non-cumulativity. The remaining of this
section focuses on related works about NbE and mechanized dependent type systems.

8.1 Normalization by Evaluation

We start with other works on formalized NbE for dependent type systems. Wieczorek and Biernacki
[2018] mechanized a similar-style NbE algorithm for MLTT with one universe in Rocq by universally
quantifying over the impredicative Prop to interpret dependent function types. On the other
hand, intrinsically-typed NbE for dependent type systems is challenging. Danielsson [2006] first
formalized an NbE algorithm for dependent type systems in AgdaLight. However, he did not cover
large elimination and his formalization was later identified to use non-positive predicates [Chapman
2008]. One recent advance was done by Altenkirch and Kaposi [2016a], where they make use of
quotient inductive inductive types (QIIT) [Altenkirch and Kaposi 2016c] to represent syntax of
well-typed terms. Their system was still quite simple, with no support of inductive types, universe
hierarchy or large elimination. Another concern about their formalization is that the meta-theory
of QIIT itself remains to be established. Sterling [2022] describes a dependent type theory with
a non-cumulative hierarchy and an NbE algorithm in a presheaf formulation. As opposed to our
observation in Sec. 6 where cumulativity induces simpler formulation, non-cumulativity is more
natural for a presheaf formulation. In fact, Coquand [2018] include extra structures to achieve
cumulativity intrinsically. Therefore, which hierarchy is more complex depends on the style of
the NbE algorithm. Our understanding of this situation is that an untyped domain model does not
keep track of universe level information, so its models necessarily need to maintain more accurate
universe levels in non-cumulativity than in cumulativity. Whereas in intrinsically typed syntax,
universe levels are encoded as part of the syntax, so this information essentially induces no cost.
Achieving cumulativity contrarily requires some "relaxation” structure in the universe levels. For
more sophisticated systems like Calculus of Inductive Constructions (CIC), correctness of NbE (in
any style) remains open. Other than dependent type systems, NbE has been investigated on type
systems including System F [Altenkirch et al. 1995] and System F® [Abel 2009].

8.2 Mechanization of Dependent Type Systems

A central focus of mechanized dependent type systems is still the normalization proof. Early work,
such as that by Barras and Werner [1997], demonstrated strong normalization for the calculus
of constructions in Rocq using reducibility candidates. Anand and Rahli [2014] mechanized the
metatheory of a Nuprl-like type system in Rocq using a PER model to directly establish its con-
sistency relative to Rocq’s consistency. Abel et al. [2018] mechanized the decidability proof of
conversion checking for the Martin-L6f Type Theory with dependent functions, natural numbers
and one universe. Their algorithm first reduces terms to weak head normal forms and is sound and
complete with respect to standard equivalence rules. Pujet and Tabareau [2022] extended the work
of Abel et al. [2018] by mechanizing observational equality and a two-level cumulative universe
hierarchy. This approach was further refined by Pujet and Tabareau [2023] when mechanizing
impredicative observational equality. Adjedj et al. [2024] proved normalization of a Rocq’s pred-
icative fragment with dependent sum, dependent product, identity type, but one universe level.

Proc. ACM Program. Lang., Vol. 9, No. ICFP, Article 239. Publication date: August 2025.



Normalization by Evaluation for Non-cumulativity 239:27

They proved both normalization and decidability of bidirectional type checking. Liu et al. [2025]
formalized the normalization of a dependent type system with indistinguishability for dependency
tracking in Rocq. Their system also supports a full cumulative universe hierarchy with several
other features. Some other mechanizations proved lighter properties than normalization. Sozeau
et al. [2019] formalized the type-checking and erasure of Rocq in Rocq by assuming the correctness
of Rocq’s metatheory. Liesnikov and Cockx [2024] formalized a subset of Agda’s syntax and a
sound type-checker that ensures type safety (but not logical soundness).

9 Conclusion

This work explores normalization by evaluation using an untyped domain model in MLTT with
a non-cumulative universe hierarchy. Previous works put strong emphasis on applying untyped
NbBE to cumulative universe hierarchies, whereas practical proof assistants like Agda and Lean
are non-cumulative by default. In this work, we prove that NbE does work for non-cumulativity.
We establish this conclusion in two steps. First, we work with a system with explicit universe
level annotations. These annotations help us to take into account the unique universe levels of
well-formed types and keep track of the universe levels both in the syntax and in the semantics.
After establishing the completeness and soundness of NbE, we further show that these annotations
are logically redundant, yielding a system and an NbE algorithm that are closer to real practice.

Our work closes the theoretical gap of applying untyped NbE in non-cumulative settings by
focusing on isolating the key trade-offs between cumulative and non-cumulative universe hierar-
chies. We expect that it shall not be too difficult to extend our work to support dependent sums, a
false type and a unit type. We hope that future work can build on top of our work to bridge the gap
in terms of features to practical proof assistants like Agda or Lean that also adopt a non-cumulative
universe hierarchy. Practical proof assistants incorporate much richer type-theoretic features and
more implementation optimization, including but not limited to custom inductive types [Sozeau
et al. 2019], universe polymorphism [Bezem et al. 2022; Sozeau and Tabareau 2014], termination-
checking [Abel 2024] instead of recursor based recursion, and efficient conversion checking (often
via weak head normalization [Abel et al. 2018]). Studying and mechanizing these features and
their interactions are all interesting but challenging research questions, both theoretically and
technically.
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A Complete Rules

Fig. 7 and 8 show the complete rules of term and type equivalence. Fig. 9 shows the complete rules
of substitution equivalence. Fig. 10 shows the rules of context equivalence.

t and s of type T are equivalent at level i under context T’

I‘»—S:1+i5eti F,x:SiFT:1+jSetj F,x:SiFt:jT Trs:s TredT
TrAx:SH.t)s=t[s: S T[s: S /x] [ Funlift(lift; )=t T
Lz:NrT 3 set;  TrriT[0:Nz] T,x:NOy:Tirs:? T[(1 o 1),sucx:N/z]
T+rec(zThr (x, Yys)0=s FT[0:N/z]

[,z:NO kT 1%+ set; Trr:T[o:N/z]
T,x:NO,y:Tiks:iT[(ToT),sucxlzNO/z] Trt:ON

T+ rec(z.T) r (x,y.5) (suc t) = s[t : N/x, (rec(z.T%) r (x,y.5) £)*/y] ¥ T[suct:N°/z]
TrS:*iset; T,80FT 14 set; T ¢ M0G0 q1(x: 57). I
Trit=A0e:SH.((e[1]) x) 2D 11(x : 57) 77
TrT:"set; TreJ4Lift; T
Tkt =1ift; (unlifte) ¥ Lift; T
TrS:M¥iset; TrS=9 M set; [,S'+T =T 1% set;

TFI(x: 8T = T(x: 870170 Amaxd) see ;o
TrT =T 1% Set; FT x:TieT

[rLift; TV =Lift; 770 2 set )y, Trx=x:IT
TrA:™ set; ISTrT:Miset; Trs=s MG i1/ Tre=r s

Crst=s't' JT[s:5]

FrS:M*iset; TrS=8 M set; ISirt=t'JT Tro=o :A Art=t' T
TFAGx:SH)t = Ax: 80 max(G) (g .1y 17 T +t[o] = t[o’] L T[o]
FT Tre=t' ON
rro=o0:N Trsuct=suct ON

LN T set; TN rT=T 1*iset; Trr=r:T[0:N]
LN T ks=s I T[(1 0 1),sucx; :N’] Tre=t N

TrrecTirst=recT' v s ¢ T[t:NO]

Trt=t T TrT:"iset; Tre=t JH Lift; T
[rlift;t=1ift; ¢ ¥ Lift; T! [ Funliftt=unlifts £ T
T'to: A T'ro: A Tro:A Art:2N
T+N[o] =N:! setq T+ Set;[o] = Set; 2+ Setqy; T+ (suct)[o] = suc (t[a]) O N

Fig. 7. Term equivalence rules (part 1 of 2)
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Tro:A Tro:A ArA:Mset;
T+o[o]=0:"N [ (Lift; TH[o] = Lift; (T[o])" 1+ set;y,

Tro:A ArS:M¥iset; ASHET 1% Set;
T+ (I(x: S).T)[0] = (x : (S[o])).(T[q STo])” 2HmaxED) set i

Tro:A Az:NrFT: 2% set; Ars: T[ze:N0/z]
A,x:NO,y:Til-r:iT[(TOT),SucxlzNO] ArtON

T+ (rec (z.T%) r (x,y.5) t)[o] = rec (z.T[aN’])" (r[o]) (x,y.s[a T (aN%0)]) (t[o]) < T[o, t[o] : N°/z]

TrtdT Xp:THeT TrS:1H set; Trr:A Avro:¥ Yrt:dT
Tre=¢[Id] T L, Fxn [1] = x14n L T[] T+ t[o][r] =tlcor]  T[oo1]
Tro:A ArT:Miset; Tri:T[o] Tro:A ArT:Miset; Tre:dT[o] x4:57 €A
Trxolot:TH =t T[o] T+ xienlo,t: TH = xn[0] 4 S[o]

TredT Tre=s:dT Tri=sdT Trs=rdT

Tre=t:dT Trs=t:dT Tri=rdT

Fig. 8. Term equivalence rules (part 2 of 2)

Tro:A A+T:'iset; Trt:TC T+to:I,T¢
Frto(ot:Tx)=0:A FTro=(1o0,x[0]:T/x): T, T
Trr:A Aro:¥ YT Set; Art:! T[o] Tto:A
Tr(ot:Txg)or=0or, (t[r] : T /x) : ¥, T" F'tIdoo=o:A
Tto:A FT FL,T! FT'to=cd":A Arr=7:%¥
Troold=o:A T+Id=Id:T ILT'Fr 1 =1:T T'trtoo=7 00 : ¥
Tto=o :A ArT:™'Set; ArT=T :"Set; Trr=7:A
Tror:Txo=0,7 : T /xo: (AT
T'ry:A Arr:¥ ¥Pro:¥ Tro:A Trto=71:A
T't(cor)oy=co(roy): ¥ Tro=o:A Trr=o:A

F'ro=7:A Trr=y:A

F'ro=y:A

Fig. 9. Substitution equivalence rules
I' and A are equivalent

FT=A TrT: 2 iset; ArRT Miset; THT=T 1*iset; ArT=T 17 Set;

I—l",x:TiEA,x:T'i

_I_
i

Fig. 10. Context equivalence rules
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B NbE for the Unascribed System

We present the normalization by evaluation algorithm for the unascribed system, as discussed in
Sec. 7. In contrast to the ascribed NbE (described in Sec. 4), the only difference is the absence of
universe level annotations.

[ty N a t evaluates to a under p

[STp A [T, ~ v
N, "N [M(x:8).T], N (TAT), [Lift; T], \ Lift; a [Seti], . Set;
[t]p ~a
[xn]p ~ p(n) [e], 0 [suct], \ suca
[s]p N a [tlp b rec(z.T,a,x,y.r,b,p) \ ¢
[reczTsxyrt],\c [A(x:8).t]p \ (At)p
[sIp N f [tlpNa  f-aNb [tlp N a [t]p N a unlift- a \\ b
[stlp b [1ift; t]p \ lift; a [unliftt], \ b
[o]s(p) ¢ ]y N a
[tlol]p N a
[ols(p) N ¢ p is updated to ¢
[els(p) \ ¢ Ht]]qﬁ Nd [7]s(p) N ¢ [o]s(4) ~ 0
[1d]s(p) N p [1]s(p) v drop p [o.t: T]s(p) \ ¢5d [oot]s(p) N 0
apply ftoaisb
[t]pia b [T]p.a B
(At)y-a~b Tmar,e @ Tge (L4a)
’ rec-(T,a,5,b,p) \ ¢ ‘ rec-apply b to a and r under p is ¢

rec-(z.T,a,x,y.5,b,p) \ ¢ [[s]]p;b;C N

rec(z.T,a,x,y.r,0,p) \ a rec-(z.T,a,x,y.s,suc b, p) \, ¢’
HT]]P;TAE B
rec-(z.T,a,x,y.5, T e p) \Tg(rec z.T a (x,y.s) €)p

unlift-apply a is b

unlift- lit/ a \ a unlift- TLiﬁj ae N Tyunlifte

Fig. 11. Relational definitions of evaluations for the unascribed system
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Readback from normal semantic value d to normal form v
Ri€eNu Readback from neutral semantic value e to neutral form u
R;y ANV Readback from semantic value A of types to normal form V

RY AW REF | a s w
RS Iset, ANW REF |00 RA | suca . sucw
Ry ANW  a-Tyxn b [Tlopx, NB RIL Lgbsw unlift-a b REC | b\ w
f . nf i ft .
R} l(]HA T),p% ™ Axg : W).w R} l(LiftjA)a N Lift;w

R e\ y R¥eNu

“af T o~ nf

REC |1 e\ u Ro Lig,p)lae M

RFeNu R¥d\w RifeNu
RO X7 N\ Xpog_q RifedNuw R} unlift e \, unlift u
t

7100, A RY ANW  [T]po VA

RY (Lyp@) Nw [ oxmtaxin N0 [Thpsucloxn) SA7 REL LybNw' RifeNu
Ry¢ (rec z.T a (x,y.5) €)p \ rec (z0.W) w (x0.y1.w’) u

RIC e\ V Ry ANV [Ty, MB RY,BNW
RY [NV RY Set i\, Set; RY NN RY (A T), \T(xg: V).W
RY AN W

R Lift; A \ Lift; W

Fig. 12. Relational Definition of Readback Functions (Unascribed System)
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