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Over the past decades, proof assistants based on type theories

have been widely successful from verifying safety-critical

software to establishing a new standard of rigour by for-

malizing mathematics. But proof assistants are also complex

pieces of software, and software invariably has bugs, so why

should we trust such a proof assistant?

Proof assistants are typically designed with an eye to-

ward minimizing such concerns, relying on a small, trusted

core kernel to construct and verify a proof. This design ap-

proach focuses the concern to the trusted core, which is

supposed to be close to the underlying theory, i.e. the Calcu-

lus of Inductive Constructions (CIC) [Coquand and Paulin

1988; Paulin-Mohring 1993] and Martin-Löf Type Theory

(MLTT) [Martin-Löf 1984; Martin-Löf 1975] that often has

been extensively studied. However, in practice, kernels of

modern proof assistants are no longer small enough from a

human perspective and they significantly deviate and extend

the core type theory that has been investigated in theory.

Popular proof assistants like Coq (soon to be known as

Rocq) [The Coq Development Team 2023], Agda [The Agda

Team 2024] and Lean [de Moura and Ullrich 2021; de Moura

et al. 2015] include type-checking kernels spanning over

tens of thousands of lines of code. Furthermore, extensions

that are often added to the kernel include meta-variables

and inductive type families. From usability and engineering

perspectives, error messaging become important. As a re-

sult, all three proof assistants have encountered major bugs:

In Coq, on average, one critical bug has been found every

year and Lean has experienced both soundness bugs and

segmentation faults.
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We propose a correct-by-construction way to develop

proof assistants and describe McTT, a certified implemen-

tation of Martin-Löf type theory (MLTT) in Coq. McTT is

composed of two major parts: the theoretical component

and the executable component. In the theoretical component,

we formalize a version of MLTT that has natural numbers,

propositional equality types, Π types and a full cumulative

universe hierarchy. In addition, we support covariant uni-

verse subtyping which subsumes types from lower universes

to higher ones and propagates under the output types of

Π types. In order to model the full universe hierarchy, we

adapt Hu et al. [2023]’s mechanization based on induction-

recursion in Agda to an impredicative encoding of the se-

mantics with subtyping in Coq’s Prop universe. Using these

semantics, we prove the completeness and soundness of the

normalization-by-evaluation algorithm (NbE) using an un-

typed domain model [Abel 2013] and conclude the logical

consistency of the type theory as a corollary. Compared to

previous similar mechanization efforts [Adjedj et al. 2024;

Wieczorek and Biernacki 2018], McTT formalizes a richer

type theory.

In addition to the theoretical component, McTT has an

executable component. Here, we relate the model of nor-

malization in the theoretical component and the actual im-

plementation with equivalences, so that we can extract a

correct-by-construction type checker in OCaml and couple

it with a parser front-end for execution. The resulting exe-

cutable type-checker can then be used to type-check MLTT

specifications written in a source file.

The extracted code is of high quality; it is identical to what

a skilled human programmer would have written, and thus

the resulting executable is also efficient.

McTT provides the a basic framework for certified imple-

mentations of dependent type theories and is open to many

possible future extensions. Therefore, McTT the first step for

future explorations in this direction. The source code and a

homepage is available on Github [Jang et al. 2024]. Everyone

is welcome to pull our repository and try out our project by
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following the instructions in the README file. Instructions

are also available on the homepage.
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