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Big Picture
Curry-Howard Correspondence

I There is a correspondence between logic and type theory, e.g. propositional logic
and STLC, etc.

I What modal logic corresponds to?

I How to formulate modalities in type theory?
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Long Journey to Modal Type Theories

I Early papers explore formulations of modal logics in natural deduction (Borghuis,
1994; Bierman and de Paiva, 2000; Bierman and de Paiva, 1996; Bellin et al.,
2001; Pfenning and Wong, 1995, etc.)

I Modalities are still popular recently (Pientka et al., 2019; Zyuzin and Nanevski,
2021; Gratzer et al., 2019, 2020; Kavvos, 2017, etc.)
I HoTT (Licata et al., 2018; Shulman, 2018)
I metaprogramming (Jang et al., 2022)

I System λ→� (Davies and Pfenning, 2001), S4 in Kripke style, corresponds to
meta-programming in quasi-quote style
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Contributions

I Unified substitutions; enabling a substitution calculus for Kripke-style modal
systems

I A unified normalization proof for all modal systems K , T , K4 and S4

I A formulation of contextual types in Kripke style; a foundation of
meta-programming with open code
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Kripke Style and Kripke Semantics

I A stack of contexts: each context represents a Kripke world

ε; Γ1; · · · ; Γn ` t : T or
−→
Γ ` t : T

I � denotes the next world; move among worlds by its introduction and elimination

I

x : T ∈ Γ
−→
Γ ; Γ ` x : T

−→
Γ ; · ` t : T

−→
Γ ` box t : �T

−→
Γ ` t : �T |

−→
∆| = n

−→
Γ ;
−→
∆ ` unboxn t : T
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Kripke Structure

−→
Γ ` t : �T |

−→
∆ | = n

−→
Γ ;
−→
∆ ` unboxn t : T

unbox level n Axiom \ System K T K4 S4

n = 1 K : �(S −→ T )→ �S → �T X X X X
n = 0 T : �T → T X X
n ≥ 2 4: �T → ��T X X

combined unbox level (UL) {1} {0, 1} N+ N
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A Challenge

λ→� in Davies and Pfenning (2001) involves two operations that don’t play well
together:

I ordinary substitutions (required for β for functions)

I modal transformations (MoTs, required for β for �)
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Substitutions and Dynamics

Substitutions needed due to β equivalence for functions

−→
Γ ; (Γ, x : S) ` t : T

−→
Γ ; Γ ` s : S

−→
Γ ; Γ ` (λx .t)s ≈ t[s/x ] : T

Right hand side requires substitution and substitution property.
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What about �?

I What about �?

−→
Γ ; · ` t : T |

−→
∆ | = n

−→
Γ ;
−→
∆ ` unboxn (box t) ≈?? : T

I Need an operation transforming t from
−→
Γ ; · to

−→
Γ ;
−→
∆

I Modal transformation:
−→
Γ ;
−→
∆ ` t{n/0} : T
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Modal Transformations (MoTs)

I MoTs transform a term from one world to another (if possible) by changing the
unbox levels

I t{k/l} defined by recursion on t

I unbox case has case distinction:

unboxn t{k/l} :=

{
unboxn (t{k/l − n}) if n ≤ l

unboxk+n−1 t if n > l

I x2 cases for every MoT ⇒ O(2n) cases for composition of n MoTs

⇒ too difficult to reason
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Unified Substitutions

Need a substitution calculus to reason both ordinary substitutions and MoTs

Insight: substitutions and MoTs are one concept.
Key idea: keep track of unbox offsets in substitutions

σ Local substitutions; lists of terms as usual

−→σ ,
−→
δ := ε;σ | −→σ ;⇑nσ Unified substitutions, Substs

σ :
−→
Γ ⇒ Γ

ε;σ :
−→
Γ ⇒ ε; Γ

−→σ :
−→
Γ ⇒

−→
∆ |

−→
Γ ′| = n σ :

−→
Γ ;
−→
Γ ′ ⇒ ∆

−→σ ;⇑nσ :
−→
Γ ;
−→
Γ ′ ⇒

−→
∆; ∆
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Operating on Unified Substitutions

I Truncation (−→σ | n): drops topmost n step cases from −→σ

I Recall

−→σ :
−→
Γ ⇒

−→
∆ |

−→
Γ ′| = m σ :

−→
Γ ;
−→
Γ ′ ⇒ ∆

−→σ ;⇑mσ :
−→
Γ ;
−→
Γ ′ ⇒

−→
∆; ∆

I (−→σ ;⇑mσ) | 1 + n = −→σ | n
I If

−→
δ :
−→
Γ ⇒

−→
∆ and n < |

−→
∆ |, then

−→
δ | n :

−→
Γ | ??⇒

−→
∆ | n

I Truncation offset (O(−→σ , n)): computes the sum of topmost n offsets

I O((−→σ ;⇑mσ), 1 + n) = m +O(−→σ , n)
I −→

δ | n :
−→
Γ | O(

−→
δ , n)⇒

−→
∆ | n
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I Recall

−→σ :
−→
Γ ⇒

−→
∆ |

−→
Γ ′| = m σ :

−→
Γ ;
−→
Γ ′ ⇒ ∆

−→σ ;⇑mσ :
−→
Γ ;
−→
Γ ′ ⇒

−→
∆; ∆

I (−→σ ;⇑mσ) | 1 + n = −→σ | n
I If

−→
δ :
−→
Γ ⇒

−→
∆ and n < |

−→
∆ |, then

−→
δ | n :

−→
Γ | ??⇒

−→
∆ | n

I Truncation offset (O(−→σ , n)): computes the sum of topmost n offsets
I O((−→σ ;⇑mσ), 1 + n) = m +O(−→σ , n)
I −→

δ | n :
−→
Γ | O(

−→
δ , n)⇒

−→
∆ | n
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Structure of Unified Substitutions

I Recall MoTs have case analysis

unboxn t{k/l} :=

{
unboxn (t{k/l − n}) if n ≤ l

unboxk+n−1 t if n > l

I No case analysis anymore

unboxn t[−→σ ] := unboxO(−→σ ,n) (t[−→σ | n])

I Form a category: identity and composition

I See definitions in paper
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Then, What is so Great?

I Immediate and simple normalization proof!

I A direct and minimal extension of standard presheaf model (Altenkirch et al.,
1995)

I Simultaneously done for all four systems (K , T , K4, S4)
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Unified Weakenings

I Serve as the base category of a presheaf model for normalization proof

I Extend standard category of weakenings (Altenkirch et al., 1995)

I

ε : ε; · ⇒w ε; ·

−→γ :
−→
Γ ; Γ⇒w

−→
∆; ∆

q(−→γ ) :
−→
Γ ; (Γ, x : T )⇒w

−→
∆; (∆, x : T )

−→γ :
−→
Γ ; Γ⇒w

−→
∆; ∆

p(−→γ ) :
−→
Γ ; (Γ, x : T )⇒w

−→
∆; ∆

−→γ :
−→
Γ ⇒w

−→
∆ |

−→
Γ ′| = n

−→γ ;⇑n :
−→
Γ ;
−→
Γ ′ ⇒w

−→
∆; ·

I Slogan: MoTs are just weakenings
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Normalization

I Moderate and simple extension of Altenkirch et al. (1995)

I
J�T K −→

∆
:= JT K −→

∆;·

I

Jε; ΓK −→
∆

:= JΓK −→
∆

J
−→
Γ ; ΓK −→

∆
:= (Σn < |

−→
∆ |.J
−→
Γ K −→

∆ |n) × JΓK −→
∆

I That’s it! Simple yet works for all four systems

I Secrete: the additional case in unified weakenings
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Contextual Types

I S4 corresponds to meta-programming (Davies and Pfenning, 2001)

I but � only handles closed code!

I Contextual types (Nanevski et al., 2008) also handle open code, but only available
in dual-context style

I Contextual types in Kripke style, allowing open code w.r.t. context stacks:

−→
Γ ;
−→
∆ ` t : T

−→
Γ ` d

−→
∆ ` te : d

−→
∆ ` T e

−→
Γ | O(Ð⇀σ ) ` t : d

−→
∆ ` T e Ð⇀σ :

−→
Γ ⇒s

−→
∆

−→
Γ ` btcÐ⇀σ : T

I unbox offsets are insufficient for elimination

I need semi-substitutions (Ð⇀σ )
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Contributions (Again)

I Unified substitutions; enabling a substitution calculus for Kripke-style modal
systems

I A unified normalization proof for all modal systems K , T , K4 and S4

I A formulation of contextual types in Kripke style; a foundation of
meta-programming with open code
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